The restricted maximal operators of partial sums with respect to bounded Vilenkin systems are investigated. We derive the maximal subspace of positive numbers, for which this operator is bounded from the Hardy space H p to the Lebesgue space L p for all 0 < p ≤ 1. We also prove that the result is sharp in a particular sense.
Introduction
Pointwise convergence problems are of fundamental importance in Fourier analysis, and as it is well known, they are closely related to studying the boundedness of associated maximal operators. In the present paper, we will deal with maximal operators. Let us first recall in brief the historical development of this theory.
It is well known (for details see, e.g., [1] and [10] ) that Vilenkin systems do not form bases in the space L 1 (G m ). Moreover (for details see, e.g., [18, 19] ), there is a function in the martingale Hardy space H 1 (G m ), such that the partial sums of f are not bounded in L 1 (G m )-norm, but Watari [17] (see also Gosselin [11] and Young [20] ) proved that there exist absolute constants c and c p such that, for n = 1, 2, . . . , ‖S n f‖ p ≤ c p ‖f‖ p , f ∈ L p (G m ) (1 < p < ∞), sup λ>0 λμ(|S n f| > λ) ≤ c‖f‖ 1 , f ∈ L 1 (G m ) (λ > 0).
In [14] , it was proved that there exists a martingale f ∈ H p (G m ) (0 < p < 1), such that sup n∈ℕ ‖S M n +1 f‖ L p,∞ = ∞.
The reason of the divergence of S M n +1 f is that the Fourier coefficients of f ∈ H p (G m ) (0 < p < 1) are not bounded (see Tephnadze [13] ).
Uniform and pointwise convergence and some approximation properties of the partial sums in L 1 (G m ) norms were investigated by Goginava [7, 8] and Avdispahić, Memić [2] . Some related results can also be found in the recent PhD thesis by Tephnadze [15] . Moreover, Fine [4] obtained a sufficient condition for the uniform convergence which is in complete analogy with the Dini-Lipschitz condition. Guličev [12] estimated the rate of the uniform convergence of a Walsh-Fourier series using Lebesgue constants and modulus of continuity. The uniform convergence of subsequences of partial sums was also investigated by Goginava and Tkebuchava [9] . This problem was considered for the Vilenkin group G m by Fridli [5] , Blahota [3] and Gát [6] .
In [14] , the following maximal operator was considered:
where [x] denotes the integer part of x. It was proved that the maximal operatorS * p is bounded from the Hardy space
It is also known (for details see, e.g., Weisz [19] ) that
where D n k denotes the n k -th Dirichlet kernel with respect to Vilenkin system. Moreover, the corresponding subsequence S n k of the partial sums S n is bounded from the Hardy space H p (G m ) to the Hardy space H p (G m ) for all p > 0. It is also well known (for details see, e.g., Weisz [19] and Tephnadze [15] ) that the restricted maximal operator S # f := sup n∈ℕ |S M n f| is bounded from the martingale Hardy space H p (G m ) to the Lebesgue space L p (G m ) for all p > 0. In this paper, we find the maximal subspace of positive numbers for which the restricted maximal operator of partial sums with respect to the Vilenkin systems in this subspace is bounded from the Hardy space H p to the Lebesgue space L p for all 0 < p ≤ 1. As applications, some well-known previous and new results are pointed out.
The paper is organized as follows: Some Preliminaries (definitions, notations and basic facts) are presented in Section 2. The main result (Theorem 3.1) and some of its consequences (Corollaries 3.3-3.7) are presented and discussed in Section 3. Theorem 3.1 is proved in Section 5. For this proof, we need some Lemmas, one of which is new and of independent interest (see Section 4).
Preliminaries
Let ℕ + denote the set of positive integers, ℕ := ℕ + ∪ {0}, and assume that m := (m 0 , m 1 , . . . ) is a sequence of positive integers not less than 2.
Denote by Z m k := {0, 1, . . . , m k − 1} the additive group of integers modulo m k .
Define the group G m as the complete direct product of the group Z m k with the product of discrete topologies of Z m k .
The product measure μ of measures
is a Haar measure on G m with μ(G m ) = 1.
If the sequence m := (m 0 , m 1 , . . . ) is bounded, then G m is called a bounded Vilenkin group, otherwise it is called an unbounded one. In the present paper, we deal only with bounded Vilenkin groups.
The elements of G m are represented by sequences
A base for the neighborhood of G m can be given as follows:
Denote I n := I n (0) for n ∈ ℕ and I n := G m \ I n .
It is evident that
The generalized number system based on m is defined in the following way:
Every n ∈ ℕ can be uniquely expressed as
and only a finite number of n j differ from zero. Let ⟨n⟩ := min{j ∈ ℕ : n j ̸ = 0} and |n| := max{j ∈ ℕ :
The norm (or the quasi-norm) of the space L p (G m ) is defined by
Next, we introduce, on G m , an orthonormal system which is called a Vilenkin system. First, we define the complex-valued function r k (x) : G m → ℂ, the generalized Rademacher functions, as
Let us define the Vilenkin system ψ := (ψ n : n ∈ ℕ) on G m as
Specifically, we call this system the Walsh-Paley one if m ≡ 2. The Vilenkin system is orthonormal and complete in L 2 (G m ) (see, e.g., [1, 16] ). Now, we present the usual definitions in Fourier analysis. If f ∈ L 1 (G m ), we can establish Fourier coefficients, the partial sums of Fourier series and Dirichlet kernels with respect to the Vilenkin system in the usual manner:f
Recall that (see [1] )
and
3)
The σ-algebra generated by the intervals {I n (x) : x ∈ G m } will be denoted by ϝ n (n ∈ ℕ). Let us denote a martingale with respect to ϝ n (n ∈ ℕ) by f = (f n : n ∈ ℕ) (for details see, e.g., [18] ). The maximal function of a martingale f is defined by
In the case f ∈ L 1 (G m ), the maximal function is also given by The Hardy martingale spaces H p (G m ) have an atomic characterization for 0 < p ≤ 1. In fact, the following theorem is true (see, e.g., Weisz [18, 19] ).
if, and only if, there exists a sequence (a k : k ∈ ℕ) of p-atoms and a sequence (μ k : k ∈ ℕ) of real numbers, such that for every n ∈ ℕ,
Moreover,
where the infimum is taken over all decompositions of f of form (2.4 ).
If f ∈ L 1 (G m ), then it is easily shown that the sequence (S M n f : n ∈ ℕ) is a martingale.
If f = (f n : n ∈ ℕ) is a martingale, then Vilenkin-Fourier coefficients are defined in a slightly different manner:f
Vilenkin-Fourier coefficients of f ∈ L 1 (G m ) are the same as the martingale (S M n f : n ∈ ℕ) obtained from f .
Main result
Our main theorem reads as follows: We also mention the following well-known consequences (for details see, e.g., the books [18, 19] and [14] ). In fact, we only have to notice that
The second part of Theorem 3.1 implies our corollary. We notice that |M n + M n−1 | = n, ⟨M n + M n−1 ⟩ = n − 1, ρ(M n + M n−1 ) = 1.
Thus, the second part of Theorem 3.1 gives again Corollary 3.4. We find that |M n | = ⟨M n ⟩ = n, ρ(M n ) = 0. Using part (b) of Theorem 3.1, we immediately get Corollary 3.5. Since S n P = P for every P ∈ P, where P is the set of all Vilenkin polynomials. The set P is dense in the space L 1 (G m ). Combining Lemma 4.1 and part (a) of Theorem 3.1, we obtain that under condition (3.1) the restricted maximal operator of partial sums is bounded from the space L 1 (G m ) to the space weak-L 1 (G m ). 
Lemmas
First, we note the following well-known result, which was proved in Weisz [18, 19] . holds for all f ∈ L 1 .
The next lemma can be found in Tephnadze [13] . Then
We also need the following estimate of independent interest. It follows that
Moreover, by using the same arguments as above it is easily seen that |D n (x)| = |D n−M |n| (x)| for x ∈ I ⟨n⟩+1 (e ⟨n⟩ ), |n| ̸ = ⟨n⟩, n ∈ ℕ. 
Proof of the main theorem
It follows thatS * , is bounded from L ∞ to L ∞ . By Lemma 4.1, we obtain that the proof of part (a) will be complete if we show that 
